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SPACE OF CONSTANT CURVATURE. 

By Frederick S. Woods. 

As is well known, the investigation of the foundations of geometry has 
led, by three distinct methods, to the recognition of the fact that alongside of 
the Euclidean geometry there exist other sj'stems, equally self consistent and 
equally capable of explaining the facts of experience. The first of these 
methods of research, that of Lobachevsky, Bolyai, and Gauss, proceeds upon 
the historic lines of Euclid. The second method, that of Klein, starts 
from Cayley's system of measurement with reference to a fundamental quad- 
ric and employs the principles of projective geometry. The third method, 
that of Riemann, consists essentially in the study of differential quadratic ex- 
pressions and extends to space of any dimensions Gauss's idea of the curva- 
ture of a surface. The first two of these methods make less demand than does 
the third on special mathematical knowledge, and elementary expositions of 
them are readily accessible and widely known ; but, as far as the present writer 
is aware, no elementary treatment of Riemann's ideas exists. Such a treat- 
ment seems desirable, however, not only because of the intrinsic importance 
of Riemann's methods, but also because his results have been sometimes mis- 
undei'stood. The term " curvature of space " has led some to infer by a false 
analogy that Riemann's geometiy is possible only on the assumption of a 
fourth dimension.* 

The present article is an attempt to present Riemann's ideas in an ele- 
mentary form. The basis of the article is Riemann's famous paper "Ueber die 
Hypothesen, welche der Geometric zu Grunde liegen."f In addition, the 
writer has consulted, among others, the following papers : 

Dedekind-Weber : Anmerkungen. Biemann's Qesammelte Werke, 1st ed., p. 384; 2nd ed., 

p. 405. 
Helmhpltz : Ueber die thatsachlichen Grundlagen der Geometrie (1866). Wissen- 

schaftliche Abhandlungen, vol. 2, no. 77, p. 610. 

Ueber die Thatsachen, die der Geometrie zum Grunde liegen (1868). 

Ibid., no. 78, p. 618. 
Beltrami : Teoria fondamentale degli spazii di cnrvatura constante. Annali di 

mat., ser. 2, vol. 2 (1868), p. 282. 

•This error has recently been repeated in an article by Professor E. S. Crawley on 
"Geometry: Ancient and Modern," published in the Popular Science Monthly tot Jan., 1901, 
p. 257. 

t Qesammelte Werke, 1st ed., p. 254 ; 2nd ed., p. 272. 
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Saggio di interpretazione della geometria non-Euclidea. Giornale di mat., 

vol. 6 (1868), p. 284. 
Newcomb : Elementary theorems relating to the geometry of a space of three dimensions 

and of uniform positive curvature Crelle, vol. 83 C1877), p. 293. 

Killing: Ueber zwei Raumformen mit constanter positiver Kriimmung; Crelle, vol. 86 

(1879), p. 72. 

Die Eechnung in den Nicht-Euklidischen Raumformen. Crelle, vol. 89 (1880), 

p. 265. 

Ueber die Clifford-Klein'schen Raumformen. Math. Annalen, vol. 39 (1891), 

p. 257. 

Einfuhruny in die Grundlagen der Geometrie. Padeborn, 1893. 
Schur: Ueber die Deformation der Raiime constanten Riemann'schen Krtimmungs- 

masses. Math. Annalen, vol. 27 (1886), p. 163. 

Ueber den Zusammenhang der Raiime constanten Riemann'schen Krummungs- 

masses mit den projectiven Rattmen. Ibid., vol. 27 (1886), p. 537. 
Klein : Autographirte Vorlesungen iiber Nicht-Euklidische Geometrie. Gottingen, 1892. 

Zur Nicht-Euklidischen Geometrie. Math. Annalen, vol. 37 (1890), p. 544. 

Lectures on Mathematics, Lecture 11, p. 85, New York, 1894. 
Lie-Engel: Theorie der Transformationsgruppen, vol. 3, p. 393 ff. Leipzig, 1893. 
Bianchi : Differential geometrie, German translation by Max Lukat, p. 563 ff. 

1. The First TWO Hypotheses. Riemann's investigations are con- 
cerned with the properties of extents (Mannigfaltigkeiteri) of any number of 
dimensions, in which an element may be determined by means of coordinates. 
Such extents are now commonly called " spaces of n dimensions " ; but we shall 
restrict the word " space ", in this article, to an extent of three dimensions, 
while " surface " shall mean an extent of two dimensions, and " line " an extent 
of one dimension. We have then two problems. First, we have to develop 
a system of geometry from assumed hypotheses and, secondly, we have to 
bring our results to the test of experience and inquire how far they are in 
accord with natural phenomena. 

These two problems need to be sharply distinguished. The first is theo- 
retical and exact ; the second is empirical and subject to all the uncertainty 
which belongs to physical observations. In attacking the first problem, the 
investigator is free to choose his hypotheses as he will, provided only they 
are not contradictory, and to draw what conclusions he may from them. We 
shall accordingly make the two following hypotheses which we will first state 
and afterwards discuss. 

First Hypothesis. The apace to be considered shall be a continuum of 
three dimensions, in which a point may be determined by three independent real 
quantities, asj, x. 2 , x 3 . 
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Second Hypothesis. The length of a, line shall be determined by means 
of a line element given by the equation 



ds = y/2a a dx t dx k , (««= «« 5 h & = 1, 2, 3) 

ivhere the a ik are functions of x u x%, x 3 , ivhich together with their differential 
coefficients of the first four orders are finite and. continuous, and where the 
expression under the radical sign is positive for all real values of x 1( x 2 , x 3 
and dx x , dx. 2 , dx 3 , provided that x u x.>, x 3 correspond to points of the space and 
that dx x , dx 2 , dx 3 are not all zero. 

Discussion of the First Hypothesis, in a purely analytic sense, appoint" 
is a set of thi-ee values (x x , x % , x 3 ) , and " space " is a collection, or assemblage, 
of such points, which together form a continuum of three dimensions. By the 
requirement that space be a continuum, the following two properties are 
asserted of space. First, if (a v a 2 , a 3 ) is any point of space, then (% + h u 
a 2 + h 2 , a + h 3 ) is also a point of space, whatever may be the values of h t , h%, 
and h 3 , provided that no one of them exceeds numerically a certain value h, 
depending in general on the point (%, a 2 , a 3 ). Secondly, if (%, « 2 , a 3 ) and 
(b t , b 2 , b 3 ) are any two points of space, it is possible to connect them by a 
continuous curve lying in the space. 

Here it is immaterial whether x x , x. 2 , and x 3 be allowed to take all possible 
values, or whether they be subject to certain restrictions, provided only the 
above two conditions be met. 

We assume for the present that to every point of space, or at least to 
every point of the portion of space which we are studying, corresponds one 
set of coordinates (x v x. 2 , x 3 ) , and conversely. "We can later proceed to all 
portions of space, in case this condition is not eveiywhere fulfilled, by the usual 
methods of analysis. 

Our space is assumed to be three dimensional. By this it is not meant 
to deny the possibility of the space's lying in an extent of higher dimensions, 
but simply to assert that the discussion has nothing whatever to do with these 
dimensions. The validity of the results obtained is neither strengthened nor 
weakened by the assumption of a fourth dimension. 

Discussion of the /Second Hypothesis. Within the space thus defined we 
may pick out at pleasm*e one dimensional extents or lines. We shall restrict 
ourselves here to lines which may be expressed analytically by the equations 

Xl=fl(t), x 2 = f(t), x 3 = f(t), 
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where I is an arbitrary parameter, and where, for the values of t which come 
into consideration,/!, / 2 , and/ 3 are continuous functions possessing continuous 
first derivatives which do not vanish simultaneously. Consider now a portion 
of such a line corresponding to values of t lying between, and including, the 
values t and 7, and let this portion be broken up into n segments, to the ex- 
tremities of which correspond the values t , t u t 2 , . . . . , t n _ x ,T. If now 
(x x , x % , x s) ai * e the coordinates of the extremity (t — t { ) of any segment, the 
coordinates of the other extremity (t = t i + 1 ) will be, except for infinitesimals 
of higher order, (cc x + dx x , x 2 + dx%, x 3 + dx s ), where 

dx x — f[(t)dt, dx 2 — f£(t)dt, dx :i = f' s (t)dt, and dt — t i+1 — t t . 

We introduce now arbitrarily as the definition of an element of length a func- 
tion 

<t>(x 1 , x 2 , x 3 ; dx lt dx. 2 , dx 3 ) 

which has the following two properties. First, it shall become infinitesimal with 
dx x , dx 2 , dx s and consequently with dt, and, secondly, the sum of the rvalues 
of this function computed for the n segments of the line considered shall ap- 
proach a limit as n is indefinitely increased and at the same time the n quanti- 
ties t i+x — t i are made to approach zero ; the limit to be independent of the 
manner in which the extremities of the segments are chosen. This limit is 
defined as the length of the portion of the line in question. 

These conditions are met in particular by the assumption of the line ele- 
ment as in the second hypothesis, in accordance with which we have 



4> = \l^a ik dx { dx k . 
The length of the line is then given by the integral 



= r^a ik f((t)fl(t) dt- 



This form of the line element has for our present purpose the decided ad- 
vantage of including as special cases all the forms occurring in Euclidean ge- 
ometry, which correspond to different systems of coordinates (Cartesian, polar, 
cylindrical, etc.) ; but it is by no means the only conceivable one. Thus we 
might, as pointed out byRiemann, employ the positive fourth root of a homo- 
geneous biquadratic expression in dx x , dx%, dx 3 - Further, the restriction that 
the expression Sa a . dx t dx h should be always positive for allowable real values 
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of the quantities involved may be dropped,* but in that case we should have 
certain real lines with zero or even with imaginary length. Such a geometry 
would not explain the facts of experience and is therefore not considered here. 

2. Geodesic Lines and Surfaces. We proceed now to find the 
equations of the shortest line between two points ; or, in other words, to de- 
termine the condition that the integral 



' =/\N S £ * 



shall be a minimum. The Calculus of Variations gives, as a necessary condi- 
tion that the integral 

/= /' F(x,y,z,x', y', z') dt 
Jh 

be a minimum, the Eulerian equations 

_ F - — F — — F ■ — F — — F ,— F — 

dt x x ~ ' dt y " ~ ' dt ' z ~ 

In the present case, these become 

d 1 ( dx x dx % dx. s \ 1 ^-a da ik dx ( dx k 

If ^ V 11 It + a » w +8a wj = *^2,^ww 

where I = 1, 2, 3 and R t = Sa.^ ^-* — j ■ The integral I is invariant of 
the parameter t. We introduce the parameter «s defined by the equation 



=/V 2a *wS **> 



i. e. the length s of the portion of the geodesic line between an assumed fixed 
point and a variable point. Since 



f \lR t dt = f S \JH s d» = s, 



* Compare for example Bianchi's paper : "Sulle forme differenziali quadratiche indefinite," 
Atti della B. Accademia dei Lincei, Memorie, ser. 4, vol. 5 (1888), p. 539, as well as the ■writer's 
article: Ueber Pseudominimalflachen, Gottingen 1895, wherein are developed properties of 
certain surfaces in a space for which the line element is ds = \dx* + dy* — dz* ' 



{A) 
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it follows that 

dxi dx k 
ds ds 

Hence the necessary conditions for a minimum, in terms of the parameter #, aw 
d l~„ dx * . .. dx * . „ dx »~\ 1 V 8a <* da; < dx * 

T* l au ~dl + " ,J 17 + ffl8 17J = * 2, "a^ 17 17 ' 

d r„ rfa:i ^ „ da: « j_ „ da «~i x x^ aa « d *< da: t 

^L 12 ^**^**^]"* 2,?^" 1717 • 

If. l^i , „ d *J , „ dxf\ ., S? 3«« d*< da* 

rf* L 18 rf« + °" rf7 + "« 17j = * 2* 3^" 17 17 • 

Conversely, these conditions are sufficient if I is not too great. More precisely : 
Let («!, «2, a s ) be any point of space, and (a 1 !, .«' 2 , a: s ) any second point such 
that \xj — o f | does not exceed a suitably chosen positive quantity, A. Then the 
equations (4) admit one and only one solution which passes through the point* 
(a) and (as) and has all of its points lying in the region \x t — «,| < h, and 
for the corresponding curve the integral 7 has u smaller value than for an- 
other curve joining the points (a) and (as). 

We take the equations (A) accordingly, as the defining equations of the 
yeodesiv lines. In accordance with the theory of differential equations, it is 
always possible to find one and only one solution of these equations which 
takes on at an arbitrary point (a:,, x 2 , Xg) any arbitrarily assigned values (not 
all zero) of the differential coefficients dx x /ds, dx^/ds, dx s /dx. If these dif- 
ferential coefficients satisfy initially the relation 

_ dXi dx,. 
ds dx 

this relation will be fulfilled for all values of x. 

The geodesic lines which radiate from a point are hence distinguished from 
each other by the ratios of the values of the differential coefficients and these 
may consequently be regarded as fixing the direction of each line ; the direc- 
tion being, broadly, that property of a geodesic line which distinguishes it from 
all others through the same point. 

It will be convenient to denote dx t /ds by &, and to define the triple con- 
sisting of the three direction quantities £„ f 8 . £ 8 as the direction (£„ f 8 , f„). 
These quantities satisfy the relation 

2«»fef*=l. (/>) 
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Our results thus far are these : 

Theorem 1 . A geodesic line is completely determined by means of any 
point on it and any second point not too far distant from the first. 

Theorem 2 . A geodesic line is completely determined by means of any 
point on it and its direction at that point. 

Theorem 3. Through any point of space pass <» 2 geodesic lines, each oj 
which is completely determined by means of its initial direction. 

Take now two geodesic lines extending from the same point with the 
directions (a lt a 2 , a 3 ) and (y8 x , /8 2 , /3 3 ) and consider the system of geodesic lines 
which radiate from their point of intersection with the directions (&, £ 2 , f 3 ) , 
where 

& = Xaj + /*&, 
£j = X« 2 + /4/3 2 , 
h = Xa 3 + (i@ 3 , 

and, by virtue of the relation (B) , X and fi are connected by the relation 

\* + ^ + 2\n-2a ik a i /3 k =l. 

Such a system we call a pencil of geodesic lines, and the common point the 
vertex. This pencil corresponds to the totality of straight lines in elementary 
Euclidean geometry, all of which go through a common point and lie in the 
same plane. Any two lines of a pencil define the pencil. Any line of the 
pencil is fixed by means of a single parameter, which may be conveniently 
chosen by introducing the conception of an angle. The angle between two 
intersecting geodesic lines, with the directions (f ls f 2 , £ 3 ) and (£i, £ 2 , f 3 ), shall 
be defined by the relation 

cos0 = £««&&, 

where the a ik are computed for the point of intersection. 

The angle is always real, since we are considering only reai geodesic 
lines. This may be most conveniently seen by dropping for the moment the 
condition that (&, £ 2 , £ 3 ) should satisfy relation (B). We may then interpret 
these quantities as homogeneous point coordinates in a Euclidean plane. If 
now (|x, f 2 , f 3 ) and (%{', | 2 ", f 3 ") are two points of this plane, any point of the 
line connecting them is given by the formula : 
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ft = Xft'+ M ft", 

ft = xft' + / uft' ; 

and the points in which this line intersects the conic section 

correspond to values of X : /i given by the equation : 

X 2 2a« f/ & + 2X M 2a tt ft' ft' + M 2 2«, x . ft" ft? = 0. 

But the above conic has no real points of intersection by virtue of our second 
hypothesis. Therefore the roots of the quadratic in X : fi are imaginary. There- 
fore its coefficients satisfy the relation : 

Introducing now the condition (B) we have 

|2«*««'| <1. 
The limiting cases Sa a ft' ft/ = ± 1 can occur only when 

&: U -U = It! ■&'•■ W. 

Since the signs of ft, ft, and ft may be changed without altering the geodesic 
line corresponding to them (for such a change of sign may be made by alter- 
ing the sign of ds, that is, of the direction in which the length is measured), 
it follows that cos 6 is ambiguous in sign. This ambiguity is the same as that 
met with in the angle between straight lines in Euclidean geometry and may 
be removed by familiar conventions. 
If cos = 0; i. e. if 

2««&ffc = o 

the two lines are said to be perpendicular. 

We may now readily prove the following theorems : 

Theorem 4. In any pencil of geodesic lines there exists one and only one 
line perpendicular to any given line of the pencil. 

Theorem 5. If a, geodesic line through the vertex of a pencil is 'perpen- 
dicular to two lines of the pencil, it is perpendicular to all lines of the pencil. 

Theorem 6. Through the vertex of a pencil of geodesic lines passes one 
and only one geodesic line perpendicular to all lines of the pencil. 



SPACE OF CONSTANT CURVATURE. 79 

Theorem 7. The geodesic lines perpendicular to a given geodesic line at 
a given point form a pencil. 

Proof of Theorem 4. Let a pencil be given with its vertex at O and let 
OA and OB be any two lines of the pencil with directions (a u a 2 , a s ) and 
(ySj, /3 2 , /3 3 ) respectively, making the angle a> with each other. Then 

cos o) = 2<%. aiftk. 

Let OM be any line of the pencil defined by OA and OB ; then the direction 
of OM is given by the equations 

& = Xffl,; + /*&, 

where X 3 + /* 2 + 2X/U, cos to = 1. 

The angle between Oil/ and OA is given by the formula 

cos 6 = Sa a a 8 - (Xa A . + /a/S^) = X + /a cos w. 

The condition that Oil/ be perpendicular to OA is that cos 6 = ; hence we 
have as the necessary and sufficient condition for perpendicularity : 

X = ± cot to, /* = T csc w - 

The direction of 03/ is thus restricted to a single direction and its opposite, 
and hence there is one and only one line in the pencil perpendicular to OA. 

Proof of Theorem 5. Let 00 be a geodesic line through OA perpen- 
dicular to the line OA and OB of the pencil. The direction (y lt y 2 > 73) of 
00 satisfies, then, the conditions 

2a<* «« Ik ■= 0, 2a, 7 . & 7* = 0, 
and consequently the condition 

?,a ik (\a i + ii0i)y k = 

for all values of X and /*. Hence 00 is perpendicular to every line of the 
pencil. 

Proof of Theorem 6. By the equations 

^a ih a { y k = 0, 2a a &y A = 0, 

the values of the ratios of y x : y% : y 3 are uniquely determined, and by aid of 
(B) the values of these quantities are determined except for sign. Hence it 
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is always possible to determine one and only one perpendicular to two inter- 
secting geodesic lines at their point of intersection. By Theorem 5, this line 
is perpendicular to every line of the pencil. 

Proof of Theorem 7. If OC with direction (7,, <y 2 , <y 3 ) be given, the con- 
dition that a geodesic line through O should be perpendicular to OC is 

If now (oj, a t , c 3 ) and (&, fa, fa) are two sets of values which satisfy this 
equation, it will be satisfied by all values of the forai 

h = *«i + MA 

and by no other values. This follows from the fact that the equation is linear 
in the unknown quantities £,-. Hence the geodesic lines through perpendic- 
ular to OC form a pencil. 

Geodesic Surface. If we define a pencil by means of two perpendicular 
geodesic lines OA and OB, and denote as before by the angle (properly 
chosen) between OA and any line of the pencil OM, we have 

X = cos 6, fi = sin 6 ; 

so that the direction of OM is given by 

f i = a t cos 6 + fti sin 8, 

where 6 is arbitrary and 2tf tt .a,-/S i . = 0. 

If P(Xx, a5 2 , X3) be any point on the line OM and r be the length of this 
line from to P, the coordinates of P are determined by integrating the differ- 
ential equations of the geodesic line, choosing the solution which at the point 
■j&i has the dh'ection f,-, and substituting r for s. We have then 

•*-'» =/<(&> fst &> »■) = <t>i(8> r), 

the functions #<(0, r) being continuous, together with their partial derivatives 
of the first and second orders. By giving to and r all possible values, all 
points of all lines belonging to the pencil are determined. These points, de- 
pendent upon two pai-ameters, form an extent of two dimensions which we call 
a geodesic surface. A geodesic surface is then defined as a pencil of geodesic 
lines. By the definition, the vertex of the pencil forms a unique point of the 
surface. Whether or not any point of the surface may play this important role 
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is at present undecided. We cannot in fact assume that the geodesic surface 
contains any geodesic lines of space other than those of the pencil. 

3. Curvature. or. The Curvature of a Surface. Let there be given 
any surface 

x i = <j>i(u,v), (i=l,2, 3) 

where u and v are independent variables and the </>, ; are singled valued contin- 
uous functions with continuous differential coefficients of the first two orders. 
The line element of any line on the surface is found from the line element of 
space. There results 

ds- = Edu? + 2 Fdu dv + Gdv*, 
where 

a du du ' 

tiu dv 

t< v„ cx t dx k 

dv dv 

The properties of the surface belong to two distinct classes. The properties of 
the first class are those which may be deduced from a study of the line ele- 
ment just written, where E, E, G are treated as functions of u and v, and no 
reference is had to their dependence upon x t , x 2 , x 3 ; while those of the second 
class depend upon the relations between u, v and x u x«, x 3 . For example, if 
the line element of the surface is 

ds 2 = du 2 + dv 2 , 

the surface may be a plane, a cylinder, or any developable surface, if it lies in 
Euclidean space, and may be something quite different in a non-Euclidean 
space, and the properties of the first class are those common to all these sur- 
faces. The distinction between the two classes of properties is often lost sight 
of in elementary presentations of the theory of surfaces, but it is of funda- 
damental importance to us, since the properties of the first class maintain their 
significance whatever may be the natui'e of the space in which the surface lies. 
We may accordingly use the results of the ordinary theory of surfaces, in so 
far as they concern these properties. To obtain the properties of the first 
class, we assume the line element of the surface, and define length, geodesic 
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lines on the surface, and angle in a manner similar to that just employed for 
space. Thus the equations of the geodesic lines are 

d r „ du „ dv~\ , f~dE fdu\ 2 „ cF du dv 3 G /dv\ 2 ~ 
ds 



r o!tt rtv-j _ ra.fi' /» «\ oF du dv dG/dv^-t 

|_ ffe (ZsJ — L^ M \ds) 3m (Zs ds du\ds) J 

r d«- cZtn _ r3i? /d«\* 3# du dv dG/dv^-x 

|_ f?s dsj \_dv \dsj dv ds ds dv \dsj J 



and the angle between two geodesies is defined by the formula 

cos# = 
„ /du\' /du\" _ [~ /du\ ' /dv\" /dv\ ' fdu\ "~i , v /dv\ ' /dv\" 

11 (-si) ids) +F IU) fc) + U) U) J + G (d^) u)- 

It should be noticed that, if the surface is considered as lying in a given space, 
the geodesic lines on the surface are not in general geodesic lines of the space, 
but lengths and angles are the same whether measured on the surface or in space. 
The properties which may be deduced for a surface by the discussion of 
its line element depend largely upon the quantity called by Gauss the measure 
of curvature, or simply the curvature, of the surface. Under that term we 
understand a quantity K, defined by the relation 

_ 1 f _3_ r F dE _ 1 d_G~\ 

*>JEG - F* [du \_E\J EG - F* dv y/EG-F* du] 
r 2 cF 1 dE F 



+ 



dv \_\JEG - F* du sjEG-F'idv E\j E 



F ^11 

G- F* ~duj J 



With the geometric interpretation of the curvature as usually given on the 
hypothesis that the surface lies in Euclidean space we have nothing to do. For 
us, the "curvature" means simply the above expression, which is fully deter- 
mined when the line element of the surface is given, and may be shown to be 
an invariant of the surface, that is, independent of the coordinates chosen to 
define the surface. When liis the same for all points of the surface, the sur- 
face is said to be one of constant curvature. The importance of the curvature 
lies in the two theorems : 

A necessary condition that two portions of surfaces may be brought into 
point for point correspondence with preservation of distance {and hence of angle) 
is that they have the same curvature at corresponding points. 
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If the two portions of surfaces are of constant curvature, the condition is 
also sufficient. 

It follows that on any surface of constant cwvature there exists a geome- 
try of geodesic lines which is independent of the portion of the surface consid- 
ered. 

Beltrami* lias shown that this geometry assumes different distinctive 
features according as the constant curvature is positive, negative, or zero. 

b. The Curvature of Space. As we have seen, the coordinates of a point 
on a geodesic surface may be taken as (r, 0). The element of ai*c of a geo- 
desic surface is then 

ds* = Ed r* + 2Fdr d$+ Gd0*, 

where it is possible to determine more exactly the values of the coefficients. 

In the first place, if = const., ds = dr for all values of r, no matter what 

value may have been assigned to ; hence E = 1 . Secondly, the lines r = s, 

= const, are geodesic lines in space and hence geodesic lines on the surface. 

d0 
Substituting the values E = 1 , -=- = in the equations of the geodesic lines 



we have 



£-0, 

or 



and therefore F is a function of only. When r = the quantities x x , x. z , 
and x s reduce to the coordinates of the vertex of the generating pencil, no 
matter what the value of 0. Hence 



From the formula 



(3)_-»- (»),..= "• G?),,r"- 

ox; dx k 



F =*«>*r 00 ' 

it follows that (F) r=0 = 0, and hence, since JFis a function of only, F = 0. 
The line element of the geodesic surface is therefore 

ds* = dr i + Odd*. 

* Saggio di interpretation! della geometria non-Euclidea, GHornale di matematiche, vol. 6, 
(1868), p. 284, <•/. also, Bianchi, DiferentiaU/eometrie, p. 418 ff. 
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The expression of the curvature reduces in this case to 

1 d*sjG 
1 ~ \IG ^ 2 

The curvature is consequently a function not only of r and 6, the coordinates 
of a point on the surface, but also in general of the coordinates of the vertex 
O of the generating pencil and of the directions (o 1 , a 2 , a A ) and (/3 X , /3 2 , /3 3 ) 
which fix the pencil, since the functions <f>i(r, 6) depend upon these latter 
quantities. In particular, if K a is the curvature at O, it may be shown that 

2 {ik, lm) (a,iP k - a,.^ i )(a l ^ m - « TO &) 
Ao = - i 



where 



2 («««i-m — «/m««)o ( a i&k — a l; @i) (fy @m ~ a m fil) ' 
i klm 



(ik, Im) 
d 2 a a d i a km d 2 a im d 2 a u , _. V /„ „ „ \4 



d:Cf.dx m dx { dxi dx l ,dx l dx { dx. 



+ h 2* [Pslm Ptil - PnmPtklj-T , 
t st \ / a 






dx v dx^ dx K 



A st is the minor corresponding to a st in the determinant 



a 



$11 $12 $13 
(X 12 $22 $23 
$13 ffl 23 tt 33 



the subscript denotes that the expressions to which it is affixed are computed 
for the point O, and the summation is to be extended over all combinations 
of the value-pairs i, k and I, m, for which i < k, I < m.* 

The quantity IT is called by Riemann the measure of curvature of the 
space in a given point and in a given surface direction. This curvature varies 
in general from point to point in space, and also in a given point is different 
for the different geodesic surfaces which pass thrpugh the point. In case IT is 
constant, the space is said to be one of constant curvature. A space of constant 
curvature is accordingly one in which the curvatures of all geodesic surfaces 
computed for the vertices of the generating pencils are the same. 

* Cf. Dedekind- Weber, I. c. also Schur, Math. Annalen, vol. 27 (1886), pp. 542-551. A 
shorter derivation involving the use of differential invariants and Christoffel's symbolic expres- 
sions is given by Bianchi, I. c. p. 571 ff. 
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From the expression for /T it follows that the necessary and sufficient 
condition for a space of constant curvature is that the quantities a ik should 
satisfy identically the relations 

(ik, Im) = K (a u a hm - a im a u ), 

where K is a constant. 

4. The Third Hypothesis. We shall define a displacement as any 
transformation by which a continuous portion of space is brought into a contin- 
uous point for point correspondence either with itself or with some other portion 
of space in such a manner that the lengths of corresponding portions of lines 
are the same. 

Let S be any portion of space in which the coordinates of any point P 
are (x x , x 2 , asg) , and let S' be a portion of space in which the coordinates of a 
point P' are (%[, x'%, x' 3 ). Let the line element in S be denoted by 



ds = v 'Zttij.dXidx,. , 
and the line element in S' bv 



ds' = V 2«« dx' t dx' ]; , 

where a' ik denotes the value of a lk for (x{, x'%, x' 3 ) . In order that /S may be 
displaced into *S", it is necessary and sufficient that 

ds = ds' 

by vrrtue of relations of the form 

x, ( - 0,(xi, x' 2 , x' 3 ) , {i = 1, 2, 3) 

where the fa are continuous functions of (x[, x' 2 , x' s ), possessing continuous 
first derivatives, and establishing a one-to-one relation between the points of 
S and S'. 

From this follows 

d«fo d<t>m # 

lm O x i 5 X j. 

Any displacement transforms geodesic lines into geodesic lines, and geo- 
desic surfaces into geodesic surfaces. 

The first part of this theorem follows at once from the definition of geo- 
desic lines. To prove the second part, we notice that 
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dx t "^ dcj>i dx\ ds' "^ d<f>i dx\ 

ds i* dxl ds' ds i 4 dx' t ds' 

Hence, if (o ls « 2 , a 3 ) is the direction of a geodesic line at a point O, and 
(a{, a! 2 , a' 3 ) the direction of the corresponding line at O', 



?($).■<• 



Since this relation is linear, a pencil of geodesic lines with its vertex at O is 
transformed into a pencil of geodesies with the vertex at O'. 

Under any displacement the angle between two geodesic lines is equal to the 
corresponding angle between the two corresponding geodesic lines. 

For let OA and OB be two geodesic lines intersecting at with the direc- 
tions (a ls a 2 , a z ) and (/3 X , /3. 2 , /3 3 ) respectively, and let O'B' and OM'bethe cor- 
responding lines with directions («i, <4> <4) an( i (/^i, /3' 2 , /3 3 ). Then if is the 
angle between OA and OB and 0' the angle between OA' and 05', 
cos0 = Sff, x .a ; /3,, 



■i,v 



Im Kik OXj 0X m ) 

= 2aLa{o' = cos0'. 



To remove the ambiguity involved in the determination of an angle from 
its cosine, and at the same time to define corresponding angles, we may con- 
sider first the case in which OB coincides with OA. Then O'B' coincides with 
O'A' and we may take = 0' = 0. Let now OB change its position contin- 
uously, the point O being fixed ; then varies continuously, attaining a final 
value which we call the angle AOB. At the same time O'B' changes its posi- 
tion continuously, always corresponding to OB, and & varies continuously 
from zero to a final value A' O'B, which is the angle corresponding to AOB. 
Since at all times cos = cos & , and at the outset = 0', it follows that 
AOB = A' O'B'. 

The possibility of the reversal of the direction of the angle is not excluded, 
and it seems Unnecessary at this point to introduce a distinction between dis- 
placements which do not reverse the direction of the angle and those which do. 

The existence of displacements is by no means necessary in a general 
space. This is to be seen by comparing the similar problem in connection 
with surfaces. A displacement on a surface may be carried out by bending 
one portion of the surface upon another portion without tearing or stretch- 
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iug. It is clear that surfaces exhibit widely different possibilities in regard 
to such bending. It may also be seen that the displacement of a portion of 
a surface and of the entire surface, are different problems. Take, for example, 
the right circular cylinder in Euclidean space. If a point on the cylinder is 
fixed, the cylinder as a whole is immovable, but a restricted portion of the 
cylinder around the fixed point is easily bent upon itself. 

The existence of displacements in space is consequently the subject of a 
new hypothesis. 

Third Hypothesis. If P is any point of space, it shall be possible to dis- 
place a restricted portion of space surrounding P upon itself in such a manner 
that any two geodesic lines through P shall correspond to any other two geodesic 
lines through P, provided only that the tiro latter lines make the same angle 
with each other as do the former lines. 

Ity such a displacement, the point 7 J remains fixed and any two geodesic 
pencils with their vertices at P may be brought into point for point correspond- 
ence with preservation of distance and angle. Hence (cf §3, a), the geo- 
desic surfaces formed by the two pencils must have the same curvature at 
corresponding points and in particular at P. The quantity If of the previous 
article must therefore be independent of (a^a^a^) and (/Sj, /3 2 , y8 3 ). Now 
Schur has proved (I. c.) that when the curvature of space is constant at each 
point it does not change as we pass from point to point. Hence Il must also 
be independent of the coordinates of O. We have therefore the theorem : 

In order that the third hypothesis shall be met, it is necessary that the space 
be one of constant curvature. 

In the next paragraph we shall show that in a space of constant curvature 
the hypothesis is always met and that furthermore there exist displacements 
by which any point P may'be transformed into any other point P'. 

5. Normal Form of the Line Element. Let the line element 

d s 2 = 1 a lk d x { d x,. ( 1 ) 

belong to a space of constant curvature A* 2 , where k may be zero, real, or pure 
imaginary. It is then always possible b}' a change of coordinates to reduce 
the line element to Eiemann's normal form 

ab -t ™ ^i- y 1 ) 



V k 2 ~r 

[i + jG/i +.'/! + n) J 
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This we will assume without proof.* If now k = 0, the form (2) is as simple 

as possible. Assuming for the present that k is not zero, we shall proceed to 

find another form for the line element. For that purpose, we shall first make 

the substitutions 

2m 2v 2w 

!/i = r-TT' !h = m > !h = 



t+1' •" t+V 
where u, v, w, and t are connected by the identity 

1 + &2(M 2 + V 2 + W 2 ) = I 2 . 



t+ 1' 



We have then 



ds 2 = 



du 2 + riv 2 + dw 2 - TtdP 
__ 



(3) 



(4) 



(5) 



Finally let us introduce x, y, and z defined by the relations 

1 > 

u = T tan kx, 



iv = 7; sec kx sec ky tan kz 
t = sec &x sec ky sec A: 2. 



(6) 



It is readily seen that, if (w e , v , w> , £ ) is any set of values satisfying (4), and 
if (&!, 6 2 , b 3 ) and (a; , y , z ) are the corresponding sets of values of (y u y % , y 3 ) 
from (3) and (x, y, z) from (6) respectively then the points (u, v, w, t) that 
lie in the neighborhood of (w , v , io , t ) and satisfy (4) are transformed by 
(3) and (6) respectively in a one-to-one manner and continuously on all the 
points (y v yv,y s ) and (x,y,z) respectively that lie in the neighborhood of 
(*i> K h) and (x , y , z ) . 

The line element now takes on the normal form 

d.s 3 = cos* kz (cos 2 ky dx 2 + dy 2 ) + dz 2 . (7) 

If k is pure imaginary, the functions in (6) and (7) may be written as hyper- 

* This form is given by Riemann without proof. It is proved by Dedekind-Weber (I. c.) 
on the assumption that the geodesic surfaces are of constant curvature. Since this assumption 
has been shown by Schur (I. c.) to be warranted, the proof is valid. 

A proof has also been given by Lipschitz in connection with extended investigations on 
the properties of differential expressions; Orelle, vols. 70, 71, 72 (1869/70). 
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bolic functions and the use of imaginaries obviated. We shall avoid duplica- 
tion of our work, however, by using (t>) and (7) as they stand without regard 
to the reality of k, but it may be noticed that h always appears in such com- 
binations that the resulting expressions are real. 

The differential equations of the geodesic lines (A) become, after a few 
easy simplifications, 



(,v JO -.-. -j LL Jb Lb (J -\ 1 i 7 i-v JU Hi d 

— =• = z/vtan kt/-= ~ + "2k tan kz -^ — =- , 



ds' 

d*y 
ds* 



ds ds 



ds ds 



^ 7 , 7 dy dz 7 , . 7 /dx\* 

= 2 k tan kz -—- -^ * cos k >/ sin k >/ [ -^- ) , 

ds ds J J \ds) 



d*z 7 , • , T 97 /dxV A%\ 2 T 

-=-= = — k cos kz sin kz cos- kyl -^- ] + l^-) . 
ds 2 L \ds ) \ds ) J J 



(8) 



The Coordinates (x, y,z). The coordinates (x,y,z) introduced analytic- 
ally by equations (3), (4), ((i) are analogous to Cartesian coordinates. For, 
we can see by inspection that all lines of tbe three types : 

(a) x = const., y = const., z = s 

(b) x = const., // = s, z = 

(c) x = s, y — 0, 2 = 

satisfy equations (8) and are therefore geodesic lines. In particular, the three 
lines (x = s, y = 0, z = 0), (x = 0, y — s, z = 0) and (x = 0, y = 0, z = *') 
form a set of three mutually perpendicular geodesic lines intersecting at O. 
We will call them OX, OYand OZ respectively. Consider now the surface 
z = 0. We shall have geodesic lines lying on this surface if we place z = 
and take y and x as solutions of the equations 

d"x _ , 7 dx dy 

-. — = 2 k tan k y -^ =— , 

(, s2 J ds ds 



*y 7 , . 7 /dx\* 

^ =_*cos*ysin% ^J , 



a 



which result from placing z — in (8). These equations, however, are the 
same as those which we obtain by applying to the surface z = 0, in which the 
line element is 

ds 2 — cos 2 /i\y dx* + dy* 
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the equations of the geodesic lines on any surface, as given in §3, a. That 
is, the shortest line which can be drawn on the surface z = connecting aivy 
two points is also a geodesic line in space. Hence the surface z = is a geo- 
desic surface, any point of which can be taken as the vertex of a generating 
pencil of geodesic lines. In particular the surface is the geodesic surface 
determined by OX and Ol^and may properly be called the surface XOY. 
Similar results may be obtained for the surfaces y = and x = 0. 

Let now (x , y , 0) be any point on XOY. Any geodesic line on XOY 
through this point has then the direction (a u /3j , 0) , where d\ coa 2 ky + /3f = 1 . 
Any line of type (a) passing through (x , y , 0) has the direction (0,0, 1). 
Hence the lines of type («■) are perpendicular to the pencil of geodesic lines 
on XO Y through the point in which (a) meet XO Y, and are therefore perpen- 
dicular to XOY. Similarly the lines of type (b) lie in XOY and are per- 
pendicular to OX. The only line of type (c) is OX. It follows then that if 
we measure along 0A"the distance aj , from the point thus reached measure 
along a geodesic line perpendicular to OAT the distance y , and from the point 
thus attained measure along a geodesic perpendicular to XO Y the distance 
z we reach a point with coordinates (x , y , z ) . Thus every point (x , y , z ) 
lying in the neighborhood of the point (0, 0, 0) can be reached along one of 
the paths just described, and along but one such path. As a consequence of 
the foregoing we have the theorem : 

Through any point P lying in the neighborhood of the point x = y — z =.() 
one perpendicular to the geodesic surface XOY can be drawn and, if we re- 
quire the perpendicular to lie wholly in the neighborhood of the above point, 
but one. From any such point P lying in the geodesic surface XOY one per-, 
pendicular to the geodesic line OX can be drawn and, under the same restric- 
tion as before, but one. 

To sum up then : The coordinate system (x, y, z) involves three mutually 
perpendicular geodesic lines OX, OY, OZ intersecting at O, and determining 
three geodesic surfaces XOY, XOZ, YOZ. The coordinates of a point P 
are determined by taking a geodesic line through P perpendicular to XOY 
meeting it at M, and from M drawing a geodesic line in XOY perpendicular 
to OX meeting it at X. • The lengths of the lines OX, XM, MP are then x, y 
and z respectively. 

For the sake of symmetry the three geodesic lines and the three surfaces are 
specified. Practically only one surface XOY, one line OX, and the point O 
are needed. 
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6. The Equations of the Geodesic Lines and Surfaces. To ob- 
tain the equations of the geodesic lines M*e need to integrate the differential 
equations (8), having regard to (7), or its equivalent, 

1 = «,«„ „«. (£)• + «»„ (g)* + (*)'. m 

This may be done bj r considering the functions derived from (6), 

f. u 1 . 7 j , \ 

j = — = y sin /i'x cos Aw/ cos A'z, 
t A' 



V 1 , 

ij = - = j sin « jy cos kz, 
t A* 

c = — = t- sin A z- 
b * A: 



(10) 



By linear combinations of (8) and (9), we may obtain the equations 



' + A' 2 r; = 0, ^ 
US' 



(11) 



To verify this it is only necessary to multiply equations (8) and (9) by 
the undetermined factors X, fi, v, p, to add, and to compare the results with 
equations (11) , written out in terms of x, y, z and their differential coefficients. 
The values of the multipliers are then easily found. Hence any solution of 
equations (8) which satisfies (9) satisfies also (11). 

Conversely, equations (8) may be expressed as linear combinations of 
(11) and (9). Hence any solution of (11) which satisfies (9) also satisfies (8) . 

The general solution of (11) is 



£ = ~ amies + B 1 cosies, 
k 

A.. 
V — -=-? sin/i,\s + B. 2 cosks, 
k 

£ z= ~ sinks + fi s cosA'.v. 
k 



(12) 
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It is necessary to choose the constants so as to satisfy (9). The direct sub- 
stitution is difficult, but we may proceed indirectly as follows. We notice first 
that (4) gives us, as a relation which t must satisfy, the following : 

F + » 2 + l ? = i-¥7> W 

Furthermore, (9) is equivalent to (5), and the latter may be written : 

Any solution of (11) is also a solution of 

eS+'Sf + fw + ^ + '+f)- - 

which is the same as 

* £» + * - «-[$)'+ (£)'+ $)'] + "«■ + '■ + <■> - °- 

Hence we get from (13) and (14), as a necessary condition for f, the equation : 

d /l d<\ /l dt\* 






From this 

1 <^ 7 . 7 , 

7^ = *tan *•(* + «), 

where a is the constant of integration. No generality is lost by taking a = 0, 
since this amounts to denoting by s the length of the arc measured from a {par- 
ticular point, plus a constant ; or simply, as will appear later, to measuring 
the arc from an arbitrary point. Placing a = and integrating the last equa- 
tion we have 

I = c sec km (15) 

as a necessary condition for the form of the function I. 

It follows from the foregoing that, if the equations (12) are to satisfy (9), 
thej' must be consistent with (15). Comparison with (14) gives as necessary 
relations between the coefficients 

A\ + A\ + Al = i + W(B\ + Bi + Bi) = 1 , 

t 

A 1 B 1 + A^Bi + A a B t = 0. 
[to be continued.] 
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f CONTINUED FBOM THE JAKtTAKY NUMBEB, PAOE 93.] 

Conversely, if the seven constants A, B, and c are merely so chosen as to sat- 
isfy these three relations and t is then determined by (15), the functions 
f, i), f will satisfy (14) and hence aj, y, z will satisfy (9). 

By multiplying each of the equations (12) by (15), and placing ^c = a ( , 
B { c = b if we have the theorem : 

The equations of any geodesic line may be put into the form 



u = -J tan ks + 6„ 



v = y ten & s + ^s« 

flU 

w = ^ tan ks + 6,, 
A" 

t = c sec ks, 
where the constants are connected by the relations 



(16) 



at + o| + a, = 1 + k*(b\ + 6| + b\) = cV 
ttxOj + Ojfig + o 8 6 8 = ; 



(17) 



and, conversely, any equations of the form (16) where the constants satisfy (17) 
represent a geodesic line, if they are satisfied by any points lying in the space 
under consideration. 

It is important to know that to any geodesic line corresponds only one set 
of the above constants, except that all the signs of a lt a it a 3 and c may be changed, 
and conversely. For, a geodesic line is completely determined by a point 
(*«» yo» *o) on ft an d a direction (a, /S, 7), where the signs of all three of the 
quantities a, /9, 7 maybe changed without altering the line. Then s , the value 
of s corresponding to (x , y , z ) , is determined by 

tan ks = a tan kx + /9 tan ky + 7 tan kz , 

which is obtained by differentiating the last of equations (6) and (1H). The 
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value of «o is unique within restricted portions of space. The value of c is then 
determined by 

c sec ks = sec kx sec ky sec kz , 

and the values of a lt Og, a, are found by differentiating the first three of equa- 
tions (6) and (16). These latter values depend linearly on a, £, y. Finally 
b^b^bt are found from (6) and (16). In this way all the constants are 
uniquely determined. The converse is proved by noticing that if the equations 
(16) are given and if, in conjunction with (6), they determine a line lying in 
the space under consideration, the direction of this geodesic is uniquely deter- 
mined at any one of its points, and therefore the geodesic is unique. No curve at 
all results from the equations, however, unless at least one point (aso, y Q , %) within 
the space considered satisfies the equations. 

The equations of the geodesic line are readily written in terms of any 
point upon it. For, let «<>, v ,w correspond to any such point and let s be the 
corresponding value of «. These values determine by, b 3 , b n and the first three 
of equations (16) become 



« = -r (tan ks 

v = -j? (tan ks 
k 

w = -^ (tan ks — tan ks ) + w> . 



tan ks ) + u , 
tan ks ) + v , 



(19) 



These are of the form 

u — u _ v — v _ w — w 

C, Cj c s 

Conversely, any equations of the form 

u — u ; • — v ?/• — w 

when Uq, v , w t correspond to a point (ato, y 8 , z„) of space, determine a geodesic 
line. 

For, the equations may be written 

u — (m + Xc t ) _ v — (v + \c 8 ) _ to — (to + Xc a ) 
PC\ PCt " PH ' 
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where X and p are undetermined multipliers. If we place 

«i = P c u b 1 = u 9 + Xc u 
at = pet, 6» = v + Xc,, 
<h = /»c», b t = w + Xc,, 

determine X and p by (17) and substitute the values of a, b thus obtained in 
(16), we see that the geodesic line thus denned coincides with the given 
locus. 

To obtain the equation of the geodesic surface, consider a pencil of geo- 
desic lines with its vertex at (u , v , w ). Since the constants c u c,, Cj of the 
last theorem are connected with the coordinates a, /8, 7 of the direction of 
the geodesic line by linear relations, the pencil has the equations 

u — u v — v 9 w — w 



\c{ + p.c[' XcJ + p,ci' Xci + a"Jj" ' 

where d u d{ etc. are constants. The elimination of X and p. gives a linear 
equation 

lu + mv + nw + p = 0. 

Conversely, let any such linear equation be given, which is satisfied by at 
least one point (w , v , w ) of the space considered. The necessary and suf- 
ficient conditions that a geodesic line 

u — u _v — v _w — w 

Ci Cj c, 

should lie on the corresponding surface are that 

/«, + mv + nw + p = 0, 
lc x + mc^ + nc s = 0. 

The first condition means that the point (w , v , w ) lies on the surface. The 
second is satisfied by 

Cy = Xc[ + p.c[', cj = Xcj + peg, eg = X<^ + p.cg, 

where c[, 4, c£ and d{, <%, c^ are any two sets of values which satisfy it, and X 
and p. are variable parameters. From any point of the surface, therefore, ra- 
diates a pencil of geodesic lines lying wholly on the surface. Moreover, it is 
easy to see that any point of the surface within a restricted region about the 
vertex of the pencil is reached by some line of the pencil. To sum up : 
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Any geodesic surface is represented by a linear equation in u, v, w; and, 
conversely, any linear equation in u, v, w represents a geodesic surface, if it 
represents anything at all in space. 

Any point of a geodesic surface may be taken as the vertex of a generating 
pencil of geodesic lines. 

The forms of the equations of geodesic lines and surfaces are the same as 
those of straight lines and planes in Euclidean geometry. They have, there- 
fore, in common with straight lines and planes those properties which may 
be deduced from the forms of the equations. In particular we note the fol- 
lowing : 

Theorem 8. Any three points not in the same geodesic line and lying in 
a restricted portion of space determine a geodesic surface. 

Theorem 9. If two points on a geodesic surface are connected by a geo- 
desic line, the line lies wholly on the surface. 

Theorem 10. Any two geodesic surfaces intersect in a geodesic line if they 
intersect at- all. 

7. Displacements. We shall now show that our space satisfies the 
third hypothesis. 

For that purpose it will be convenient to introduce an auxiliary space, 
which shall be Euclidean in its properties and in which u, v, and w shall be 
the rectangular ("artesian coordinates of a point. This auxiliary space we shall 
denote by 8', while the space of constant curvature, whose properties we are 
investigating, we shall call 8. The quantities u, v, w have then a double 
interpretation ; on the one hand, in 8, they are defined by (6), on the other 
hand in 8' they are ordinary Cartesian coordinates. We thus establish a point 
for point correspondence between 8 and S' by which geodesic lines and sur- 
faces in 8 correspond respectively to straight lines and planes in 8'. 

We proceed now to ask what corresponds in S' to the geodesic distance 
between two points in 8. For that purpose consider the equation of a geodesic 
line in the form (16) and let A and B be two points upon it, to which correspond 
respectively the values s x , u x , v u w x and s s , Uj, v t , w t . Then the geodesic dis- 
tance between A and B is s % — s x . From the equations of the geodesic line, 
with regard to the relations (17) which connect the constants, we readily 
compute 



SPACE OF CONSTANT CURVATURE. 97 

k* (MjMj + VyV % + WjWj) + 1 = c* (tan ks t tan ks 2 +1) 

k*(u\ + vf + K) + 1 = ^sec'Asj, 

** («f + «| + <«£) + 1 = c* sec 1 ks % , 
whence follows 

^(WjWj + VyVi + WiW 2 ) + 1 



COS («» — *i) = 



^k*(u\ + v\ + wl) + 1 V^(t4 + W| + M4) + 1 



This formula which we have obtained in S has a good significance in S'. 
For let us take in 8' the quadric surface 

& 8 (u* + v* + w 2 ) + 1 = 

at- the fundamental quadric in a Cayley system of projective measurement. 
Then, if M is the distance between two points («,, v u w{) and (uj, v 3 , w s ), we 
have, in accordance with a well known formula of projective geometry, 

COS M = fc^M! If, + V x Vi + tgjW.,) + 1 



V#K + v\ + w\) + 1 V**(«4 + vl + wf) + 1 
and hence 

3f = * t — «,. 

Hence we may say : If we adopt in 8 1 a system of projective measurement 
referred to the quadric surface 

k*(u* + t>* + m> s ) + 1 = 0, 

then the geodesic distance between two points in 8 is equal to the projective dis- 
tance between the two corresponding points in 8'. 

Now in order that we may obtain a displacement in 8 it is necessary and 
sufficient that we find a continuous one-to-one correspondence between the 
points of 8 by means of which geodesic lines go into geodesic lines and the 
length of any portion of a geodesic line is unchanged. That these conditions 
are necessary was shown in §4; that they are sufficient may be shown by 
considering the line element as the length of a geodesic line between two in- 
definitely near points (x, y, z) and (a; + dx, y + dy, z + dz) . 

To any displacement in 8 corresponds accordingly a transformation in 8 r 
by which straight lines go into straight lines and the projective length of an} r 
portion of a straight line is unchanged. 
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The projective geometry teaches that the transformations with these prop- 
erties are the collineations of which the q jadric surface 

fc» (w* + V* + M>») + 1 = 

is an invariant. Accordingly we may say : 

The displacements in S correspond to the collineations in 8' of which 

**(«*+ V * + u?) + 1 = 

is an invariant ; and conversely. 

These collineations are readily written down. They are 



, _ «,« + OjV + Og«! + « 4 



/ 



■N 



V = 



Sj« 


+ a* 


v + S s w 


+ S4 


A« 


+ & 


v + t w 


+ & 


h\ u 


+ a» 


V + 83 V 


+ «4 


7i« 


+ 72 


t> + 7„ K> 


+ 74 



(18) 



where «i & 7 8 8 4 1 ^ 0, and the sixteen constants are connected by the ten 
conditions : 

#(«$ + ft + H) + 8? = F, (t = 1, 2, 3) J 

«,«» + A & + 7< 7k + M» = 0. (t, A = 1, 2, 3, 4 ; t * h) J 

We now need to show that the displacements (18) satisfy the demands of 
the third hypothesis. To prove this directly we might show first that the 
angle between two geodesic lines in 8 is equal to the angle between the corre- 
sponding lines in 8', provided the latter angle is measured with reference to 
the quadric surface 

*»(«* + v* + «•=>) + 1 = 0. 

We might then show directly that the third hypothesis is satisfied in 8', 
and hence in S. But this method would demand extended reckoning. We 
shall choose an indirect method and shall show first that the third hypothesis is 
satisfied in a particular point, the origin, and shall then show that it is conse- 
quently satisfied in any point of space. 

Consider then the origin. The origin is unique in our system of coordi- 
nates because there, and there only, the angle between two intersecting geo- 
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deaic Hues in 8ia equal to the Euclidean angle between the two corresponding 
straight lines in 8'. 

To show this, consider a geodesic line in the form (16). If this line goes 
through the origin with the direction (&, £,, £,), we have by applying the 
methods of p. 93, 

«o = 0, 6j = 6 2 = 6 8 = 0, 

«i = &» a« = If »> «s = i s» c = ± 1 . 

The equation of §2 for the angle between two such lines becomes 

= a, o,' + Oj a£ + as aj. 

The corresponding straight lines in 8' are 

w « M? 
d] a s a 8 

and = = 

a{ a£ o£ 

whence, if ^ is the Euclidean angle between them, 

cos <f> = a x aj -f a, a^ + a s a£ 
= cos 0. 
With proper conventions as to corresponding angles, we have 

<f> = 6. 

Consider now a displacement in 8 for which the origin is a fixed point. 
From (18) and (19), it will correspond in 8' to a collineation of the type 

<;' = £,«+& « + £,«>, I (■») 

tf>' = 7l M + y,v + 7s«?, i 

where 

oJ + /9J + 7j=l, (t = l, 2, 3) 

«««* + Aft+ 7<7» = 0. (*',A= 1,2,3; t * A) 

This is a Euclideau rotation about the origin, or a rotation combined with 
a reflection on one of the coordinate planes, according as | aj /8 S <y 3 \ = ± 1 . 
We shall use the rotation only and shall denote it by (i2). Let now OK and 
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OL be any two geodesic lines in 8 intersecting at the origin and let OM and 
OiVbe any two other lines, such that the angle KOL equals the angle MON. 
We wish to show that there exists a displacement by which OK becomes OM 
and OL becomes ON. 

In 8' we have four corresponding straight lines O'K', O'L', O'M', O'N' 
such that the Euclidean angle KO'L' equals the angle M'O'N 1 . Now there 
exists in 8' a rotation {R) by which 0' K' may be brought into coincidence 
with O'M' and OL ' with O'N'. This is a well known fact which of course 
has its analytic proof. Hence we conclude that the required displacement 
exists in 8. 

The third hypothesis is accordingly satisfied at the origin. 

Wo shall now show that the hypothesis is satisfied at any point of space. 
Let /* be any point of 8 and PK, PL, PM, PN four geodesic lines such that 
the angle KPL equals the angle MPN. We wish to show that there exists 
a transformation of type (18) by which PK goes into PM and PL into PN. 
Among the transformations (18) there are ac 8 transformations by means of 
which P goes into 0. Take any particular one of these, no matter which, 
and call it T. Let PK, PL, PM and PN become OK u 0L» 0M X and ON x 
by means of T. Then the angle K l 0L 1 equals the angle M^ON-^, since all 
displacements preserve angles. Then there exists, as we have seen, a dis- 
placement lt { by which Oft\ goes into OM x , and OL x into OiV,. Let T _1 be 
the inverse transformation of T. Then, if we carry out in order the trans- 
formations T, Ii } , and T~ l , we have a transformation which transforms PK 
into PM and PL into PN. Moreover, this transformation is of type (18). 
This follows geometrically from the tact that all the transformations we have 
used are collineations of which 

F(« 2 + v i + w 4 ) + 1=0 

is invariant, and (18) is the general form of such a collineation. 

Hence the third hypothesis is satisfied in any space of constant curvature. 

We are accordingly justified in proving general propositions by taking 
the lines involved in any convenient position. We may, for example, apply 
to any geodesic line, a result already proved for the line OX and may state 
the following theorem : 

Thkorem 11. Within a properly restricted portion of a geodesic surface, 
one and only one geodesic line can be drawn perpendicular to a given geodesic 
line from a point outside of it. 
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Gorollary. Within a properly restricted portion of space* one and only 
one perpendicular can be drawn to a geodesic surface from a point outside of it. 

8. Space Of Zero Curvature. If k = 0, Riemann's form of the line 

element is 

ds i = ds? + dif + dz*. 

The coordinates of the direction (&, f 2 , f s ) of a geodesic line are connected 
by the relation 

£ i + 8 + 8 = 1 

and the angle between two geodesic lines is given by the formula 

costf = f,K + &fl + «*S. 
The differential equations of the geodesic lines are 

*5_o **-o — -o. 

ds* ~ ' ds* ~ ' d.s» ~ 

The general equations of the geodesic lines are, therefore, 

j — 6i _ y — 6 2 _ z — bj _ 
«, o^ a s 

where a\ + a\ + a\ = 1. 

The equation of the geodesic surfaces is 

Ix + my -f nz + p = 0. 

It is evident that the coordinates x, y and 2 are equivalent to u, v and w 
of the previous paragraphs, and that Theorems I— 11 still hold. In addition we 
may deduce a theorem relating to the angles of a triangle which is peculiar to 
a space of zero curvature. Before stating the theorem, however, we need to 
make the conceptions of a triangle and of the angles of a triangle precise. 

If we select, in the region iu which Theorems 1-11 hold, any three points 
not in the same geodesic line, we may connect them in pairs by geodesic lines 
and pass a geodesic surface through them. The geodesic lines lie then on this 
geodesic surface, aud the portion of the latter bounded by them we call a tri- 
angle. The triangle divides the points of the surface not lying on its sides into 
two classes, interior and exterior points of the triangle. 
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To remove the ambiguity inherent in the determination of an angle from 
the formula above given, we may make tbe following convention as to the an- 
gles of a triangle. If the vertices of the triangle are A, B, and C, the angle 
at A. shall be determined by considering the geodesic lines which radiate from 
A and enter the triangle ABC. If now a variable line is considered to start 
from coincidence with AB and take successively the positions of all these lines 
until it coincides with AC, the angle made by the varying line with AB 
varies continuously from zero to a final value A, which we call the angle A of 
the triangle. We may now state the theorem : 

Theokem 12. Within a properly restricted region of a space of zero cur- 
vature, the sum of the angles of any triangle equals ir. 

It will be sufficient to prove this theorem for right triangles, for any tri- 
angle may be divided into two right triangles by dropping a perpendicular 
from any vertex to the opposite side, and if the theorem is true for the two 
right triangles thus formed, it is evidently true for the original triangle. 

Consider the geodesic surface z = 0, and a point A of which the (xyz)- 
coordinates are (0, p, 0), where p is positive. Let A and (7(0, 0,0) deter- 
mine a geodesic line, on which the direction AC is that of the increasing s. 
Then the direction of A C is (a r = 0, a, = — I, a, = 0). 




Consider now a moving geodesic turning about A continuously in one 
direction, thereby fixing the angle between AC and AJP. By Theorem 1, 
this line will meet CX at the beginning of its motion. For convenience we 
take the direction of motion to be such that AP meets CXonthe positive side 
of the origin. Let AM be the first position in which the moving geodesic is 
perpendicular to AC. If the direction of the increasing s is always taken 
from A, the direction of AM is (yS, = 1, £ s = 0, & = 0). Then the direc- 
tion of AP is 



f, = a, cos + fii sin = sin 6, 
f 8 = aj cos + /Sj sin = — cos 0, 
£, = a, cos + /8, sin 0=0, 
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and hence the equations of AP are 

x = * sin 6, 

y = — * cos 6 + p, 



z = 0. 



Let uow AB be a line AP which meets QX, and let B be (0, q, 0), 
where, by the conventions made, q is positive. If we denote by A the angle 
CAB, we have from the equations of the line 
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7T 

The angle C = ^, and hence we have -A + i?+ C — w, as was to be proved. 

As has been repeatedly said, the theorems so far obtained have been shown 
to be valid only in a region in which there exists a one-to-one relation between 
the points of space and the coordinates (x, y, z). It is, however, possible to 
demand that this relation exist for the entire space and all possible values of 
the coordinates. In this case we have 

Euclidean Space. 

Here all the theorems so far deduced hold without restriction, and we have 
in addition two others of interest. 

Theorem 13. In Euclidean space every geodesic line is of infinite length. 

This follows at once from the form of the equations. 

Theorem 14. On any geodesic surface in Euclidean space, one and only 
one geodesic line can be drawn through a given point parallel to a given geodesic 
line ; any other geodesic line through the point intersects the given geodesic. 

We define parallel lines as follows : A geodesic line through a given 
point is said to be parallel to a given geodesic line, when it is the limit ap- 
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proached by a geodesic line through the given point intersecting the given 
geodesic, as the point of intersection becomes indefinitely remote. 

The truth of the theorem then follows from the equations used in proving 
Theorem (12). We had there 

tan A = 2 . 
As the point B recedes indefinitely in either direction, the angle A approaches 
- , and the parallel line is AM. Any other value of A determines q when p 
is fixed. 

These fourteen theorems form the groundwork of Euclideau geometry. 

Euclidean space is not however the only conceivable space of zero curva- 
ture. A systematic investigation of all possible cases seems to be yet lacking, 
although the general lines on which such an investigation would proceed have 
been marked out by Klein and some of the problems have been attacked by 
Killing.* We will content ourselves with mentioning three possibilities. 

First, we may suppose that to all points with coordinates (x + n t c t , 
If + n^c-i, z + n a c a ) where c 1( c 2 , c 3 are constants, and %, n^, % are any posi- 
tive or negative integers, shall correspond the same point of space. Such a 
conception presents no difficulty, at least analytically. Our space is then rep- 
resented point for point by the interior of a rectangular purallelopiped in 
Euclidean space, the lengths of the edges of the parallelopiped being c u c. 2 und 
c 8 respectively and the opposite faces corresponding point for point with one 
another. For any portion of space lying within this parallelopiped, Theorems 
1-12 hold, but Theorems 13 and 14 are not always true. For, the lines 
(x = const., // = const. ),{y = const., z = const.) and (z = const., x= const.) 
are certainly finite in length, and for these lines the theorem of parallels 
ceases to hold. Moreover triangles may be constructed within the entire space 
thus defined for which Theorem 12 is not true. 

Two other examples of spaces of zero curvature may be derived from the 
preceding by considering that one or two of the edges of the parallelopiped 
are indefinite in extent. 

9. Space of Constant Negative Curvature. If k = i/B where B 
is a real quantity, the space is one of constant negative curvature, — 1/B*. 

* Klein, Math. Annalen, vol. 37 (1890) p. 544. 
Killing, ibid. vol. 89 (1691) p. 267, and Ontndlagen der Oeometrie, vol. 1, chap. 4. 
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The element of arc may be written 

ds» = eosh«^ cosh a -| dx* + cosh 8 -^ dy* + dz*, 

and the functions u, v, w, t are 

u = JR tanh -3 , 

x y 

v = R sech -=■ tanh -_- , 

w = .ftsech-p sech-p- tanh-^, 

t — sech -p sech -_- sech -5. 

To any set of real values of (a;, y, z) correspond then one and only one real 
set of values of u, v, w, t. Since, however, sech 6 is numerically not greater 
than unity for real values of 0, t is numerically less than unity. That is 

0^ P ^ 1 
and consequently 

^ u* + v 2 + w* £ B 2 

for real values of x, y, and 2. Conversely, it is readily proved that to any 
real values of u,v,w satisfying the above conditions correspond one and only 
one set of values of x, y, and z. 

The angles of a triangle obey the following theorem : 

Theorem 12'. In a properly restricted portion of a space of constant neg- 
ative curvature, the sum of the angles of any triangle is less than ir. 

We may employ the construction and figure of the previous paragraph, 
but the analytic work will be different. The direction of the line AP must 
satisfy the relations, 

8 cosh* I + 8=1, & = 0. 



In particular, the direction ot AC is (a t = 0, o^ = — 1, a, = 0) and of AM 
(ft = sech-g, & = 0, /9 8 = 0). 



P a _ n a — c\\ Hence 



& = sinfl sech-jiL ft = — cos0, ft = 0. 
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By (19), §6 the equations of AP are 

« = .Rtanh-=;= a x R\ tanh-5 — tanh-j| I, 

v = .Rsech-5 tanhj^ = c^i? tanh-5 — tanh-^ 1 +• R tanh^ 
* = 0, 
where a is the value of s for the point A. From (16), §6, 

sech4^ = c sech-^ . 

Hence, by differentiating the equations of AP and substituting the coordinates 
of^l, 

& = a t sech 4 -^ = -£ sech*Jj, 
sech* ^ fc = a, sech*^ = ^ sech'j^ . 

Therefore a x = c* sin cosh^ , 

Oj = — c* cos0, 
and the equations of AP may therefore be written 

u = — tan# cosh-4; f v — i?tanh-4 V 

The line AB is satisfied by placing x = g, y = 0, = A; whence 

tanhjr 

tan A = . 

sinh'fj 

tonb R 
Similarly tan B = , 

sinh-^; 



and hence tan A tan B = 



B 

1 



cosh 4; cosh -55 

Xt XI 
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IF IT 

Since p and q are both positive, A < — , B < — , and t&nA tani? < 1 ; 
hence 

and A + B + C < ir. 

The theorem therefore holds for right triangles and consequently for all tri- 
angles. 

We obtain the simplest example of space of constant negative curvature 
in assuming that a one-to-one correspondence exists between our entire space 
and the (x, y, z) coordinates. We have then the 

Space of Lobachevsky, Bolyai and Gauss. 

Within this space, Theorems 1-11 hold universally. In addition we 
have the following theorems : 

Theorem 13'. All geodesic lines are infinite in length. 

This follows at once from the equations. 

Theorem 14'. On any geodesic surface, two geodesic lines can be drawn 
through a given point parallel to a geodesic line; all other geodesic lines through 
the given point are separated by the two parallel lines into two sets, one set con- 
sisting of lines which intersect the given geodesic line, the other of lines which 
do not. 

The definition of parallels remains the same as in Euclidean space. The 
truth of the theorem follows from the equation 



» = — tan# cosh^ ( v — R tanh^ J 



deduced above for a line through (a; = 0, y = p, z = 0) in the plane z = 0. 
This line intersects OX, or v = 0, in the point 

u = R sinh— tan 6, v = 0, w = 0. 

These values correspond to real, infinite, or imaginary values of x, y, z accord- 
ing as 

R* sinh 4 ^ tan 2 < , = , or > R*. 
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Let a be the smallest value of for which 

i^sinh^tan 2 ^ i? 2 
R 

then cot a = sinh ^ = 

R z 

£ 

whence e* = cot Ja , 

p 
a = 2 cot -1 e* 

It is now clear that if ^ < a, the geodesic line intersects the line OX, the 
point of intersection receding indefinitely as approaches a ; if a < $ < tr — a, 
the geodesic line does not intersect OX; if tr — a < =» ir, the geodesic again 
intersects 0^". This establishes the theorem. 

We have thus the groundwork of Lobaehevsky's geometry.* 
Klein t has pointed out that other examples of space of constant curvature 
may be found by considering the polyedrons used by Poincare in his investi- 
gations of the Klein groups. The details of the work are yet to be carried out. 

10. Space of Constant Positive Curvature. If k = 1/R, where 
R is a real quantity, the space is one of constant positive curvature 1/i? 2 . 
The functions u, v, w, t are then 

u = R tan -= , 
R 

v = R sec -g tan -g , 
R R 

r> x y x z 
w — R sec -== sec ^ tan -= , 
R R R 

x y z 
t — sec -= sec ~ sec -= , 
R R R 

It appears that u, v, w, t are single valued functions of x, y, z, but the con- 
verse is not true. 

If we limit ourselves to such a portion of space that a one-to-one relation 
exists between its points and the coordinates (u, v, w) and (as, y, z), Theo- 
rems 1-11 of the preceding paragraphs hold. In addition we have the follow- 
ing theorem : 

* Cf. Zwei geotnetriscjte Abhandlungen, German translation by Engel, Leipzig, 1899. 
t Math. Annalen, vol. 37 (1890), p. 644. 
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Theorem 12". In a properly restricted portion of a space of constant pos- 
itive curvature, the sum of the angles of any triangle is greater than ir. 

The proof runs exactly parallel with the proof of the corresponding theo- 
rem in space of constant negative curvature. 

We obtain an example of a space of constant positive curvature, if we as- 
sume that a one-to-one correspondence exists between the points of space and 
all the triples of values (u, v, w) . We have then 

Simple Space of Constant Positive Curvature. 

Within this space, the following distinctive theorems are derived from the 
equations of the geodesic lines : 

Every geodesic line is of constant finite length irlt. 

All geodesic lines intersecting in a point return again to their point of in- 
tersection, and have besides no point in common. 

There are no parallel lines in this space. 

Another example of a space of constant curvature is obtained if we assume 
that a one-to-one correspondence exists between the points of space and the sets 
of four values (u, v, w, t) where 

1 + i2- 2 (« 2 + V* + M> 2 ) =<*. 
We have then the 

Double Space of Constant Positive Curvature. 

Within this space the distinctive theorems hold : 

Every geodesic line is of constant finite length 2irR. 

All geodesic lines intersecting in a point intersect again in a point at a 
distance irRfrom the point of intersection and then return to the point of in- 
tersection. 

Parallel lines do not exist in this space either. 

In the double-space the geometry on the geodesic surfaces is identical 
with that on the surface of a sphere in Euclidean space. In the simple space 
the geometry on a geodesic surface is that which would be obtained in Euclid- 
ean space by the projection of the surface of the sphere from its centre upon a 
plane. 

For further discussion, the reader is referred to the last cited work of 
Killing. 
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11. Relation of our Results to the Facts of Experience. 
There remains yet the problem to enquire how far the foregoing systems of 
geometry explain the facts of experience. To deal with this question ex- 
haustively would require more space than is at our disposal. We must content 
ourselves with a mere outline of the treatment. 

We do not wish to discuss the metaphysical questions involved. To some 
minds the space conceptions which underlie Euclid's work, including his theo- 
ries of parallels and of the infinite extension of space, are a priori true, and 
no others conceivable. With those who hold this opinion we have no argu- 
ment for we meet them on no common ground. We take the standpoint that 
our knowledge of external space comes to us solely from experience. A sys- 
tem of geometry is an attempt to explain certain facts of experience and, na 
long as the system is self-consistent, its objective truth or falsity can be judged 
only by its success in so doing. 

We assert : Any one of the systems of geometry derived from the hypoth- 
eses of this article is, as far as our present knowledge goes, in full accord with 
all facts of experience, provided suitable values are given to the constants in- 
volved in each system. 

Experience is necessarily limited to a finite extent of space. Observation 
and measurement can never extend beyond the most remote astronomical ob- 
jects, and this distance can well be very small compared with the full extent of 
objective space. Hence any geometry which agrees with experience only for 
a restricted portion of space will serve quite as well as Euclid's geometry for 
explaining the facts of experience. In fact we are not justified in going out- 
side of such a restricted portion of space. Any assumptions, for example, 
as to the existence or the nature of parallel lines, the connectivity of space, 
or the displacement of space as a whole, are only justified in case they produce 
results which would be visible in an arbitrarily small region of space. 

The geodesic lines of any space of constant curvature have for a suitably 
restricted portion of their length all the properties of the " straight lines " of 
practical life or of Euclidean geometry. In the endeavor to construct a mate- 
rial line which shall be as nearly as possible " straight," we may proceed by 
attempting to realize the shortest distance between two points; for example, 
by free-hand drawing, by stretching a string, or by observing the path of a ray of 
light. The result is simply a geodesic line by definition. Or, we may look 
for a line which may be revolved upon itself when two points are fixed. This 
is also a property of a geodesic line in a space of constant curvature, by virtue 
of the third hypothesis. 
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A geodesic surface has the properties of a " plane." The practical testing 
of a plane surface by the application of a " straight " edge has its full signifi- 
cance in a space of constant curvature. 

The practical measurement of length and angle gives no criterion as to the 
curvature of space. Such measurement consists of the assumption of a unit 
and the application of the unit to the thing measured. These operations are 
carried out without hindrance in any space of constant curvature. In fact the 
difference between a space of constant curvature and Euclidean space is not in 
the manner in which measurement is practically carried out but in the analytic 
interpretation of the process. So, more generally, any geometric figure 
may be carried without distortion from one portion of space of constant cur- 
vature to another, so that all properties of figures are independent of the 
positions of the figures in space. 

From these considerations it appears that the groundwork of experi- 
mental geometry is unaltered by an assumption as to the curvature of space, 
provided the curvature is constant. Referring to the theorems of the preced- 
ing pages, we see that all spaces of constant curvature agree in the first eleven 
theorems. A distinction appears first in the twelfth theorem. Here we have 
apparently a means at hand to determine precisely the curvature of external 
space by measuring the angles of a triangle. The test however fails, owing to 
the practical impossibility of exact measurements. All we can discover is 
that the sum of the angles of a triangle does not differ very much from tr. 
And now it is possible to show that if the sides of a triangle in a space of 
constant curvature, ± l/i2 2 , are sufficiently small compared with B. the diver- 
gence of the sum of its angles from it is within the limits of the errors of ob- 
servation.* We can say only this : If the space of experience is of constant 
curvature ± 1/R 1 , H must be very large compared with the distance between any 
two points lying in that part of space in which measurement is possible. 

To complete our argument, we need to ask whether other crucial theorems 
may not be developed, by means of which the curvature of space may be practi- 
cally determined. At present, no such theorem has been found. Euclidean 
geometry in finite space may be derived from our first twelve theorems, and 
the geometry in a space of constant curvature agrees, as far as has been shown, 
with Euclidean geometry within the limits of error of observation. 

There are still questions to be solved, however, notably in regard to the 

* See for example the calculation in Lobachersky's Zmi geomeirische Abhandlungen, 
translated by F. Eogel. pp. 22-24. 
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connectivity of different spaces of constant curvature. It is only within the last 
twenty-five years that the possibility has been recognized of the existence of 
such spaces as that represented by the parallelopiped of §8, and of similar 
forms with other curvature. Consequently many theorems stated in the ear- 
lier papers as universally true are now known to be false, or true only in a re- 
stricted portion of space. For example, a space or a surface of zero curvature 
is not necessarily infinite in extent ; two " straight " lines in a space of zero 
curvature may meet in more than one point ; and the sum of the angles of a 
triangle in a space of zero curvature may exceed ir, if the surface of the trian- 
gle covers a sufficiently large area. It is possible that a more careful study 
of these spaces may yet reveal properties which render them unfit to explain 
the facts of experience, but at present no such properties have been found. 

If we are satisfied that the geometries belonging to spaces of constant cur- 
vature explain experience, the question naturally arises : Are these the ordy 
systems of geometry which do so? An answer to this question may be at- 
tempted by building up synthetically systems of geometry after the manner of 
Euclid, but with the assumption of the fewest possible axioms. The most re- 
cent example of this mode of procedure is found in the elegant work of Hil- 
bert on the Foundations of Geometry.* 

If we maintain the analytic methods of this article, the question demands 
an examination of our three hypotheses. They have been shown to be suffi- 
cient to explain experience ; the question now is as to their necessity. As to 
the first hypothesis it is evident that it must be made, if space is to be treated 
by the ordinary methods of analysis. With the second hypothesis the case is 
not so clear, since we have assumed the line element arbitrarily. Helmholtz, 
however, has obtained this line element as a consequence of certain axioms of 
motion, which include our third hypothesis. Lie* has shown that Helmholtz's 
axioms and methods need a thorough revision, but his results remain essen- 
tially unaltered. We are, accordingly, justified in saying that no explanation 
of spatial phenomena has yet been given without the assumption of axioms 
which lead necessarily to our three hypotheses. 

Massachusetts Institute of Technology, 
Boston, December 1901. 

» Orundlagen der Oeometrie, Festschrift zur Feler der Eatkiillung des Gauss-Webcr-Denk- 
tnals in Gottingen, Teubner, 1899. 

* Of. Lie-Engel : Theorie der Transformationsgruppen, vol. 8, pp. 437-648. See also Klein, 
Lectures on Mathematics, I. c. 



